BEREZIN QUANTIZATION OF HOMOGENEOUS 
BOUNDED DOMAINS 



ANDREA LOI, ROBERTO MOSSA 

Abstract. We prove that a homogeneous bounded domain admits a 
Berezin quantization. 



1. Introduction 

Let O be a non-compact complex manifold of dimension n, u = 
a real analytic Kahler form on 0, g the corresponding Kahler metric and 
K\{x,y) (A a positive constant) the reproducing kernel for the Bergman 
space Hx of all holomorphic functions on $7 square-integrable against the 
measure e~'^*^. Under the following conditions: 

(1) for all suffciently large real number A there exists a positive constant 
c\ such that Kx{x,x) = c\e^'^'^^\ 

(2) the function 

^-<i>{x,x)-^{y,y)+^{x,y)+<t>{y,x) 

is globally defined on $7 x 0, < 1 and equals 1 if and only if x = ?/, 
(where ^{x,y) be a sesquianalytic extension on a neighbourhood of 
the diagonal in x 17 of 

F. A. Berezin [5j was able to establish a quantization procedure on (il,a;). 
His seminal paper has inspired several interesting papers both from the 
mathematical and physical point of view (see, e.g., M. Englis' work [13], for 
a beautiful extension of Berezin's method to complex domains which satisfiy 
condition (1) only asympotically and [6] , [7j , [8] , [9] for a quantum geometric 
interpretation of Berezin quantization and its extension to the compact case 
(cfr. also the final remark at the end of the paper)). 

The only known instances when the above conditions (1) and (2) are 
satisfied, however, are just VL = C" and a bounded symmetric domain 
(with the euclidean and the Bergman metric, respectively). 



Date: June 14, 2011. 

2000 Mathematics Subject Classification. 53D05; 53C55; 58F06. 

Key words and phrases. Kahler metrics; Berezin quantization; bounded homogeneous 
domain; Calabi's diastasis function. 

Research partially supported by GNSAGA (INdAM) and MIUR of Italy; the first 
author thank ESF for short visit grants within the program "Contact and Symplectic 
Topology" . 

1 



2 



A. LOI, R. MOSSA 



In this paper we show that these conditions are satisfied by any homoge- 
neous bounded domain C C" equipped with a homogeneous Kahler form 
u (not necessarily the Bergman one). Our main result is then the following: 

Theorem 1. A bounded homogeneous domain {il.,uj) admits a Berezin quan- 
tization. 

Note that condition (1) can be expressed by saying that Rawnsley's func- 
tion €xg{x) = e~^^^^^K\{x,x) (see [6]) is a positive constant for all A suffi- 
ciently large or, in a more recent terminology (due to S. Donaldson ([H]) for 
algebraic manifolds and to the first author and C. Arezzo ([2]) in the non- 
compact case), that the Kahler metric g is balanced for all A large enough. 
Moreover, the function 

Dg{x,y) := $(x,x) + $(y,y) - <^{x,y) - ^(y,x) 

appearing in condition (2) is the so called diastasis function introduced and 
studied by E. Calabi in his seminal paper ([5]). 

The paper consists of other two sections. In the next one we deal with 
assumption (1) for homogeneous bounded domain, namely we study the 
balanced condition for these domains. More precisely, we explicitly compute 
a real number Aq such that exg = c\ (ca a positive constant) iff A > Aq. 
In Section [3l after briefly recalling Berezin's quantization procedure, the 
definition and the main properties of Calabi's diastasis function, we show 
that the Kahler metric g oi a homogeneous bounded domain satisfies 
condition (2). The key tool here, is the link between Rawnsley's epsilon 
function, Calabi's diastasis function and their relationship with the theory 
of Kahler immersions (following the ideas developed in [6], [7], [8] and [9]). 
Combining the results of Section [3] with those of Section [2] we then obtain 
the proof of Theorem [H 

Acknowledgments. The authors are indebted to H. Ishi for the proof of 
Theorem [2] describing the structure of balanced metrics on a homogeneous 
bounded domain. 

2. Balanced metrics for homogeneous bounded domains 

Let C C" be a complex domain of C" endowed with a Kahler metric g 
and let uj be the Kahler form associated to g, i.e. uj{-, •) = g{-, J-). Assume 
that the metric g can be described by a strictly plurisubharmonic real valued 
function $ : Q — )■ M, called a Kahler potential for g, i.e. uj = ^dd^. 

A Kahler potential is not unique, in fact it is defined up to an addition 
with the real part of a holomorphic function on i}. Let Ti^ be the weighted 
Hilbert space of square integrable holomorphic functions on fi, with weight 
e~*, namely 




(1) 
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If ^<i> / {0} we can pick an orthonormal basis {sj} and define its reproduc- 
ing kernel by 

oo 

K^{z,z) = Y,\sj{z)\'. 

j=0 

Consider the function 



'9 



;^) = e-*(^)K$(z,2). (2) 



As suggested by the notation Eg depends only on the metric g and not 
on the choice of the Kahler potential ^. In fact, if = <I> — Re((/3), for 
some holomorphic function ip, is another potential for uj, we have e~* = 
e~*|e'^p. Furthermore, since (p is holomorphic and dd^' = dd^, e~(p is 
an isomorphism between Ti^ and Ti^', and thus we can write K^'{z,z) = 
\e~^\^K^{z, z), where K^{z,z) (resp. K^i{z,z)) is the reproducing kernel 
oi T-L^ (resp. T-Lq,i). It follows that e~^^^'^ K^{z, z) = ^^'>K^i{z^z), as 
claimed. 

Definition. Let g he a Kdhler metric on a complex domain Q C C" such 
that oj = |59<&. The metric g is balanced if the function Eg is a positive 
constant. 

In the literature the function Eg was first introduced under the name of 
r]- function by J. H. Rawnsley in [29], later renamed as e- function in [6]. It 
also appears under the name of distortion function for the study of Abelian 
varieties by J. R. Kempf [21] and S. Ji [20], and for complex projective va- 
rieties by S. Zhang [31] (see also [IB] and references therein). The definition 
of balanced metrics was given in the compact case by Donaldson and in the 
noncompact case by the first author together with C. Arezzo in [2] (see also 

In this section we are interested in studying the balanced metrics when 
(£1,5') is a homogeneous bounded domain, namely C is a bounded 
domain, g a Kahler metric on and the Lie group G = Aut(r2) nIsom(r2, g) 
acts trasitively on Jl, where Aut(r2) (resp. Isom(J7,5f)) denotes the group 
of invertible holomorphic maps (resp. ^f-isometries) of Q.. In this case, it 
is well-known that i7 is contractible and hence oj = for a globally 

defined Kahler potential <I>. We start with a lemma. 

Lemma 1. Let {il.,g,uj) be a bounded homogeneous domain, A a positive 
real number and 



nx := T^A* = <i s G Hol(O) I / e-^*|s|2— <oo} . (3) 



n 



Then T-L\ ^ {0} if and only if Xg is a balanced metric. 

Proof. If T-lx = {0} then Exg equals the constant zero. If T-lx / {0} then the 
reproducing kernel Kx^ is not trivial and therefore Exg have to be positive 
at same point. For every /i G G we have that X^{z) = o /i is a Kahler 



4 



A. LOI, R. MOSSA 



potential for Xg and K^^{z, z) = Kx^{h • z,h • z) is the reproducing kernel 
of Hx. Therefore 

exgiz) = e-^^^'^Kx,>{z,z) = e'^^^^^ K^^{z,z) 
= e-^'i'^^-'^Kx^ih ■ z,h^) = exgih ■ z), 

since G acts transitively on we conclude that exg is a positive constant. 

□ 

We are now in the position to state and proof the main result of this 
section. 

Theorem 2. Let {0,,g) be a homogeneous bounded domain. Then there 
exists a positive constant Aq such that Xg is balanced if and only if X > Aq. 

Thanks to Lemma [1] we are reduced to show Theorem [3] below. This theo- 
rem is known to harmonic analysis specialists and it is essentially contained 
in [30]. We present here a (unpublished) proof of this result due to H. Ishi 
who kindly gave to the authors the possibility to insert it in this paper. 

Theorem 3. There exists Aq such that the Hilbert space Hx is not trivial if 
and only if X > Xq. 

Proof. By [12^ Theorem 2 (c)], there exists a connected split solvable Lie 
subgroup S C G acting simply transitively on the domain Q. We shall then 
reduce the argument to harmonic analysis on the solvable Lie group S, and 
apply the results of [30]. As first step we shall find a specific Kahler potential 
$ of a; following Dorfmeister [12] (see also [10^ Proof of Theorem 4]). 
Taking a reference point po £ i}, we have a diffeomorphism 

L : S 3 h >^ h ■ po £ (4) 

and by differentiation, we get the linear isomorphism s := Lie(S') B X 
X ■ pq G Tp^M = C". Then the evaluation of the Kahler form uj on Tp^il. is 
given by 

Lo{X-po,Y-po) = f3{[X,Y]) (X,yGs) (5) 

with a certain linear form /3 € s*. Let j : s — )• s be the linear map defined in 
such a way that {jX)-pQ = ^/—l{X•pQ) for X £ s. We have g{X-pQ, Y-pq) = 
l3{[jX,Y]) for X,Y G s, and the right-hand side defines a positive inner 
product on s. Let a be the orthogonal complement of [5,s] in s with respect 
to this inner product. Then a is a commutative Cartan subalgebra of s. 
Define 7 G a* by 

7(X) := -4/3(jX) (6) 

for X £ a, and we extended 7 to s = a© [s, s] by the zero-extension. Keeping 
in mind, we define a positive smooth function on by 

*((expX).po) = e-^(^) (XGs). (7) 
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From the argmnent in [121 PP- 302-304], we see that 

io = ^ddlog'^. (8) 

It follows that ^ := log 'I' is a Kahler potential of uj. 

Noting that 7([s,s]) = by definition. We define the one-dimensional 
representation x : -S" M+ of 5 by x(expX) := e''^^^^/^ (j^ g Then ^ 
is rewritten as 

so that we have e-^^'^-f) = x(/i)"^e-*(P) (p G M, /i G 5). Let L'^{S) be the 
Hilbert space of square integrable functions on S with respect to the left 
Haar measure dg for which Lt:dg equals the 5- invariant measure ^ on fi. 
Then we have the isometry : T-L^ — )• L'^{S) defined by 

L^F{h) := e-*°^W/2F o i{h) = e-'^^^'-'P^^'^ F{h ■ po), (10) 

for h £ S and F G H^. We shall give an analytic description of the image 
of in L'^{S). For X G s, we denote by R{X) the corresponding left 
invariant vector field on the Lie group S. Namely, for ip G C°°{S) we have 
R{X)(f{h) := f^\t=oip{hexptX), {h G S). Yov Z = X + ^f^Y G Sc with 
X,y G 5, we define R{Z) := R{X) + ^/^R{Y). Let s_ be the subspace 
{X + y/—ljX ; X G s } of Sc- Then we have a linear isomorphism s_ B 

Z ^ Z ■ pq £ Tpg'^^rj, so that the push-forward l^R{Z) is an 5-invariant 
anti-holomorphic vector field on the complex domain for each Z G s_. 
Thus 5_ is a complex Lie subalgebra of 5c- 

Let / denote the linear form —2/3 on S- We now pause to prove the 
following proposition. 

Proposition 2. (i) The subalgebra s_ C Sc is a positive polarization at f , 
that is, /([5_,s_]) = and yf^^(\Z,Z\) > /or all Z G s_- 
(ii) The image of equals the function space □ 

C{S, f):={ipe L^{S) ; R{Z)^ = -^/^/(Z)(^ for all Z e 5^] . 

Proof, (i) For Z, Z' G s_, we have by ^ 

f{[Z, Z']) = -2co{Z-po,Z' ■po) = 

because oo is (1, l)-form. Similarly, we have for Z = X + \/—ljX G s_ with 
X £5, 

V^fiiZ, Z]) = 2./^u{Z ■po,Z- po) = %(X ■po,X- po)/2 > 0- 

(ii) We take (/9 = G Image with F G Ll^i{M, 6"*^^). By dSD and (fTO]) . 
we obtain 

^{h) = x{hr^F{i{h)), {h G G). 



^The function space C{S, f) is fundamental in theory of holomorphic induction, which 
is closely related to Kostant's geometric quantization [3]. 
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By the Leibniz rule, we have ioi Z = X + y/^jX G s_ (X e s) 

R{Z)ip = R{Z)x~^ -FoL + x"^- R{Z)F o i. 

Since F is holomorphic, we have R{Z)F o l = l^:R{Z)F = 0. Noting that 
is a one-dimensional representation, we have 

RiX)x-' = ^X-' = f{jX)x~^ 

because 

7(X) = -4/3(iX) = 2/(jX). (11) 

Indeed, we may assume that ([6]) holds for all X E s_ ( |30l Page 362]). Then 
R{3X)x-^ = -f{X)x-\ so that R{Z)x-^ = -^f{Z)x-'. Thus we have 
Image/-'' C C{S, /). The converse inculsion can be shown similarly. □ 

By Proposition [2] (ii), the non- vanishing condition of Ti^ is equivalent to 
the one of C{S,f), and the latter is completely determined by [30l Theo- 
rem 4.26]. In order to apply the results in [30], we need a root structure 
of the Lie algebra s with respect to a due to Piatetskii-Shapiro [28]. For 
a linear form a on the Cartan algebra a, we denote by Sq the subspace 
{X G5;[C,X]= a{C)X (VC G a) } of s. We say that a is a root if s„ / {0} 
and a 7^ 0. Thanks to [281 Chapter 2, Section 3] or [30\ Theorem 4.3], there 
exists a basis {ai, . . . ,ar}, {r := dim a) of o* such that every root is one of 
the following: 

Ofc, afc/2, (fc = 1, . . . , r), {ai ± ak)/2, {l<k <l<r). 

If {Ai, . . . , Ar} is the basis of a dual to {ai, . . . , a^}, then Sq,^ = ^jAk- Thus 
Sq,^ {k = 1, . . . , r) is always one dimensional, whereas other root spaces 5af./2 
and 5(^al±a^:)/2 be {0}. We put for A; = 1, . . . , r 

Pk := ^dimS(„^_^^)/2, Qk := ^ dimS(„,_«^)/2, 6fc := ^dims„^/2, 

i<k l>k 

see [Ml Definition 4.7] and [271 (2.7)]. 

Since {cti, . . . ,ar} is a basis of o*, the linear form 7 is written as 7 = 
Ylk=i IkOi-k with unique 71, . . . , 7^ G M, where a^'s are extended to s by the 
zero-extension. Since jA^ G Sq^, , we obtain 

Ik = i{Ak) = -mjAk) = -mi^kjAk]) = mjAk,Ak]) 

= ig{Ak ■po,Ak-po) > 0. 

By (fTTI) . we have / = —7 o j/2 = X^fc=i(— 7fe/2)afc ° j- Now we get the 
following from |30j . 

Proposition 3 ([301 Theorem 4.26]). The Hilbert space C{S,f) / i/ and 
only if 

7fc > 1 +Pfe + 6fc + i?fc/2, {k=l,...,r). 
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The proof of Theorem [3] fohows now easily by the proof of Proposition [3] 
by replacing the Hilbert space by Hx = Hx^ and by setting 

l+Pk + bk + qk/2 
Ao := max . (12) 

l<fc<r 

□ 

Example 4. If uj is the Kahler form corresponding to the Bergman metric 
on Q, then 7fc = 2 + + + 6^ {k = 1, . . . ,r) (see [15l Theorem 5.1] or 
[271 (2.19)]), so that 

l+Pk + bk + qk/'2 
Ao = max ; — , 

i<fc<r 2+pk + qk + bk 

which is found in [27( Page 97]. In particular, if is a bounded symmetric 
domain, then there exists integers a and b so that 

Pk = ik-l)a, qk = {r-k)a, bk = b, 7^ = (r - l)a + 6 + 2. 

Therefore 

l + (k-l)a + b+(r-k)a/2 I + (r - l)a + b 
Ao = max = 

l<A:<r 7 7 

_ 7-1 

7 

which is consistent with I26[ Theorem 1]. 



Remark 5. Since a balanced metric is projectively induced (see e.g. [6] 
and pni or the proof of Theorem [1] in the next section) , it is natural to ask 
for which A € M"*" the metric Xg is projectively induced. This problem was 
addressed and solved in [25\ Theorem 2] for bounded symmetric domains 
and in [10\ Theorem 4] for the more general case of homogeneous bounded 
domains considered in the present paper. For completeness we briefly recal 
here the results obtained in jlOj . The crucial point is that the homogeneous 
metric Xg on a homogeneous bounded domain is projectively induced if and 
only if the analytic extension e^'^i^^'^) of e'^*^^) is the reproducing kernel for 
an Hilbert space. The condition for e^*^^'"') to be a reproducing kernel is 
described in [TH]. Then Theorem 15 in [TU] tells us that 

{0, Co} U (co, +00) C W{g) U {0} C I ^ ; A; = 1, . . . , r I U (cq, +00), 

where co := max | ; /c = 1, . . . , r |. Thefore W{g) consists of a contin- 
uous part and of a discrete part with at most r elements. It is interesting 
to note that in general the constant cq is different from the constant Aq in 
Theorem [21 This implies for example that, on any homogeneous bounded 
domain, there exist infinite (homothetic) projectively induced metrics which 
are not balanced. 
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3. Berezin quantization and the proof of Theorem [T] 

Let (0, io) be a symplectic manifold and let {•, •} be the associated Poisson 
bracket. A Berezin quantization (we refer to [4] for details) on is given by 
a family of associative algebras An where the parameter h (which plays the 
role of Planck constant) range over a set E of positive reals with limit point 
0. Then in the direct sum (BheEAh with component- wise product *, one 
chooses a subalgebra A, such that for an arbitrary element / = f{h) G A, 
where f{h) G An, there exists a limit limri^o f (h) = ip{f) G C°°(0). The 
following correspondence principle must hold: for f,g £ A 

^{f *9) = ^{f)^{9). ^ (^"^(/ *g-g*f))= iWif), '^{g)}- 

Moreover, for any pair of points xi,X2 G ^ there exists f £ A such that 

Consider now a real analytic Kahler manifold 0,, with Kahler metric g 
and associated Kahler form u. Assume that there exists a (real analytic) 
global Kahler potential $ : $7 — )• M. This function extends to a sesquian- 
alytic function ^{x,y) on a neighbourhood of the diagonal in x Q such 
that $(x,x) = <I>(x). Consider Calabi's diastasis function Dg defined on a 
neighbourhood of the diagonal in x by: 

Dg{x,y) = <P{x,x) + <l>{y,y) - «>(x,|/) - «>(y,x). 

By its definition we see that Calabi's diastasis function is independent from 
the potential chosen which is defined up to the sum with the real part of 
a holomorphic function. Moreover, it is easily seen that Dg is real-valued, 
symmetric in x and y and Dg{x, x) = (the reader is referred to [5] and [2l] 
for more details on the diastasis function). 

Example 6. Let gps be the Fubini-Study metric on the infinite dimensional 
complex proective space CP°° of holomorphic sectional curvature 4 and let 
Dgpg (p, q) be the associated Calabi's diastasis function. One can show that 
for all p G CP°° the function Dgpg{p, •) is globally defined except in the cut 
locus Hp of p where it blows up. Moreover e~^^Fs^P'i^ is globally defined 
and smooth on CP°°, e^^^Fs^P^i) < 1 and e^^oFs^P^i) = 1 if and only if 
p = q (see [21] for details) . 

The following theorem is a reformulation of Berezin quantization result 
(see Englis [13]) in terms of Rawnsley e-function and Calabi's diastasis func- 
tion. 

Theorem 4. Let C C" he a complex domain equipped with a real analytic 
Kahler form uj and corresponding Kahler metric g. Then, {il.,uj) admits a 
Berezin quantization if the following two conditions are satisfied: 

(1) Rawnsley 's function £\g{x) is a positive constant for all sufficiently 
large A; 
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(2) the function e ^ai^^v) is globally defined onflxQ, e ^si^^v) < i and 

We are now in the position to prove Theorem (H namely that a bounded 
homogeneous domain admits a Berezin quantization. 

Proof of Theorem\^ Condition (1) in Theorem [4] is a consequence of Theo- 
rem[2]of the previous section. Hence, it remains to show that (2) in Theorem 
H]is satisfied by a homogeneous bounded domain (0, w, g) 0. Fix A > Aq with 
Ao given by Theorem [2j Consider the coherent states map (see [29]), namely 
the holomorphic map (p\ : ^ ^ CP°° from into the infinite dimensional 
complex projective space CP°° defined by 

^x:^^ CP^, X ^ [s^{x), 4(x), . . . ], 

where {sj'}j=o,... is an orthonormal basis of the Hilbert space T-Lx given by 
([3]). This map is well-defined since exg is a positive constant and hence, for 
a given x € ^l, there exists jo such that Sj^ does not vanish at x. Moreover, 
the constancy of exg implies that ^*xgFS = where gps is the Fubini- 
Study metric on CP°° (see [29] for a proof). In other words, the metric \g 
is projectively induced via the coherent states map. By Example [6l Calabi's 
diastasis function Dg^g of CP°° is such that e~^^^ is globally defined on 
CP°° X CP°° and by the hereditary property of the diastasis function (see 
[3 Proposition 6 ]) we get that, for all x, y G il, 

g-Dps{v'\{x),'P\{y)) — g-Dxg{x,y) _ ^-XDg{x,y) _ ^^-Dg(x,y)^^ j^-j^g-j 

is globally defined on x Since, by Example [6]), e"^^®^^'''^ < 1 for 
ah p,q G CP°° it follows that e'^o^^'^^ < 1 for all x,y G It remains 
to show that e"^''^^'^) = 1 iff x = y. By formula (jlSp and by the fact 
that e~^^^^^'''^ = 1 \S p = q (again by Example [6]) this is equivalent to 
the injectivity of the coherent states map ipx- This, in turns, follows by 
a recent result |10l Theorem 3] of the first author together with A. J. Di 
Scala and H. Ishi which asserts that a Kahler immersion of a homogeneous 
Kahler manifold (not necessarily a bounded domain) into a finite or infinite 
dimensional complex projective space is one to one. □ 

Final remark All the results of this paper can be formulated in term of 
geometric quantization tools, i.e. holomorphic line bundle, coherent states, 
charactersitic 2-point function as in [6], [7], [8] and [9]. For a bounded 
homogeneous domain {i},g,uj) the quantum line bundle, namely the holo- 
morphic line bundle over O whose first Chern class equals the De Rham 
class of u}, is trivial and so its global holomorphic sections can be identified 
with the holomorphic functions on fi. A natural problem one could tries 



it is well-known that g is real analytic so it makes sense to verify (2). 
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to solve is that of obtaining a quantization by deformation (or equivalently 
a *-product) of a bounded homogeneous domain starting from the Berezin 
quantization given by Theorem [T] and following the ideas developed in [9] 
for the case of bounded symmetric domains. This is not a straightforward 
matter. Indeed in [9] Cahen, Gutt and Rawnsley use the polydisk theorem 
while for a general homogeneous bounded domain no such theorem seems 
to be available. Moreover, to the authors best knowledge, a classification of 
all bounded homogeneous domains is still missing. We will attack this prob- 
lem in a forthcoming paper. We finally point out that in [7] Cahen, Gutt 
and Rawnsley prove the existence of a Berezin *-product on any compact 
flag manifold. The results obtained by Cahen, Gutt and Rawnsley for the 
compact case (see in particular [71 Proposition 3] which represents the anal- 
ogous of our Theorem [1] and Theorem [2|) strongly rely on Kodaira's theory 
for projective algebraic manifolds which can not be apply to the noncompact 
context. 
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